Abstract. It is studied a 3-dimensional Riemannian manifold equipped with a tensor structure of type (1, 1), whose third power is the identity. This structure has a circulant matrix with respect to some basis, i.e. the structure is circulant. On such a manifold a fundamental tensor by the metric and by the covariant derivative of the circulant structure is defined. An important characteristic identity for this tensor is obtained. It is established that the image of the fundamental tensor with respect to the usual conformal transformation satisfies the same identity. A Lie group as a manifold of the considered type is constructed and some of its geometrical characteristics are found.
Introduction
In differential geometry of the Riemannian manifolds with additional structures, the covariant derivative of the corresponding structure plays an important role. In this connection, for example, the classifications in [4] , [6] and [7] are made. One of the basic classes in these classifications is the largest class, which is invariant under the conformal transformations of the Riemannian metric.
In [1] , [2] and [3] , problems of differential geometry of a 3-dimensional Riemannian manifold (M, g, Q) with a tensor structure Q, whose matrix in some basis is circulant, are considered. This structure satisfies Q 3 = id, Q = id, and it is compatible with the metric g, so that an isometry is induced in any tangent space on (M, g, Q).
In the present work we continue studying such a manifold (M, g, Q). In Section 2, we give some necessary facts about (M, g, Q). In Section 3, we define the fundamental tensor F by the metric g and by the covariant derivative of Q. We obtain the important characteristic identity (8) for F . We establish that the image of the fundamental tensor with respect to the usual conformal transformation satisfies the same identity, i.e. the conformal manifold (M, g, Q) belongs to the same class. In Section 4, we get some curvature properties of (M, g, Q). In Section 5, we construct a manifold (G, g, Q) of the type of (M, g, Q), where G is a Lie group. In Section 6, we consider a subgroup G ′ of G, for which the manifold (G ′ , g, Q) is of invariant sectional curvatures under Q. We study some particular cases.
Preliminaries
We consider the manifold (M, g, Q), introduced in [1] , i.e. M is a 3-dimensional Riemannian manifold equipped with an additional tensor structure Q of type (1, 1), which satisfies (1) Q 3 = id, Q = id, and Q has a circulant matrix with respect to some basis, as follows:
The metric g and the structure Q satisfy
Necessary, the matrix of g with respect to the same basis has the form
where A and B are smooth functions of an arbitrary point p(x 1 , x 2 , x 3 ) on M . It is supposed that A > B > 0 in order g to be positive definite.
Moreover, in [1] it is defined another metricg associated to g by Q, as follows:
Here and anywhere in this work, x, y, z, u will stand for arbitrary elements of the algebra on the smooth vector fields on M or vectors in the tangent space T p M , p ∈ M . The Einstein summation convention is used, the range of the summation indices being always {1, 2, 3}.
The fundamental tensor F on (M, g, Q)
Let ∇ be the Levi-Civita connection of g and {e i } be an arbitrary basis of T p M . We consider the tensor F of type (0, 3) and the Lee forms θ and θ * , defined by
Obviously, the tensor F has the property (7) F (x, z, y) = F (x, y, z).
Theorem 3.1. For the tensor F it is valid the identity
Proof. The components of the geometric quantities of (M, g, Q), given in the formulas (9), (10) (11) and (12), are obtained in [1] and [2] . The inverse matrix of (g ij ) is
where D = (A − B)(A + 2B). The Christoffel symbols of g are as follows:
where
The matrix of the associated metricg, determined by (5), is of the type:
The inverse matrix of (g ij ) has the form
Now, we calculate the components of F , θ and θ * , defined by (6). Using the well-known identities for a Riemannian metric:
and due to (7), (11) and (10), we find the following components F ijk = F (e i , e j , e k ) of F :
For the components of θ and θ * , from (2), (6), (9) and (14), we have
From (4), (11), (14), (15) and (16) it follows
which is equivalent to (8).
Theorem 3.2. Under the conformal transformation
where α is a smooth positive function, the tensor F is transformed into the tensor
Proof. We denote the following products
where Φ (4), (9), (11) and (12) we have
Having in mind (2) and (21), we get Φ = Q + Q 2 . From (15), (16) and the second matrix of (21), we get
According to the transformation (18), the components of the tensor F are F ijk = ∇ i g jk , where ∇ is the Levi-Civita connection of g.
Bearing in mind (5) and (18), we have that g = α g. Then
From the Christoffel formulas
and (18) we get
Then, using (13) for ∇ g, we obtain
Substituting (17) and (25) into (23), we get
Then, due to (2), (21) and (22), for (M, g, Q) it is valid the identity (19).
Note. According to Theorem 3.2, we can say that (M, g, Q) and (M, g, Q) belong to classes of the same type, defined by the equality (8) for the corresponding metric.
Immediately, from (6) and (19), we have the following
Next, we obtain Proof. In a local form (27) is (28)
Let F = 0 be valid. Then, from (18) and (28), it follows
Contracting by g kj in the latter equality, and using (20) and (21), we get Φ
Vice versa. If α is a constant, then its partial derivatives are α 1 = α 2 = α 3 = 0, and having in mind (28), we get F = 0.
Some curvature properties of (M, g, Q)
It is well-known, that the curvature tensor R of ∇ is defined by
Also, we consider the tensor of type (0, 4) associated with R, defined as follows:
The Ricci tensor ρ and the scalar curvature τ with respect to g are as usually
LetΓ and∇ be the Christoffel symbols and the Levi-Civita connection ofg, respectively. LetR be the curvature tensor of∇. The Ricci tensorρ and the scalar curvatureτ with respect tog are (32)ρ(y, z) =g ijR (e i , y, z, e j ),τ =g ijρ (e i , e j ).
From (13), using the Christoffel formulas (24) for Γ andΓ, we obtain the following relation
We substitute (17) into (33) and we get
From (20), (21) and (22), we find
We apply (35) into (34) and we obtain that the tensor T = Γ − Γ of the affine deformation of ∇ has components
It is well-known the relation R
as . Then, using (22), (35) and (36), we calculatẽ
By contracting k = s in the latter equality, and having in mind (17), (20), (22), (31), (32) and (35), we get
Due to (31), (32), (37) and (38) we obtaiñ
Therefore we establish the following 
In [3], a Riemannian manifold (M, g, Q) is called almost Einstein if the metrics g andg satisfy (40)
ρ(x, y) = βg(x, y) + γg(x, y), where β and γ are smooth functions on M .
Corollary 4.2. If the Levi-Civita connection∇ ofg is a locally flat connection, then (M, g, Q) is an almost Einstein manifold and the Ricci tensor ρ has the form
Proof. If∇ is a locally flat connection, then we have R = 0. From (32) and (38) it follows ρ = 0 and τ = τ * = 0. Then (39) implies (41) and according to (40) we have that (M, g, Q) is an almost Einstein manifold.
Note. Examples of manifolds (M, g, Q) satisfying (41) are considered in [3] . In an analogous way we prove
Corollary 4.3. If the Levi-Civita connection ∇ of g is a locally flat connection, then (M,g, Q) is an almost Einstein manifold and the Ricci tensorρ has the form
g(x, y) +τ * + 2τ 6g (x, y).
Lie groups as manifolds of the considered type
Let G be a 3-dimensional real connected Lie group and g be its Lie algebra with a basis {x 1 , x 2 , x 3 } of left invariant vector fields. We introduce a circulant structure Q and a Riemannian metric g as follows:
Obviously, for the manifold (G, g, Q) the equalities (1) and (3) are valid, i.e. (G, g, Q) is a Riemannian manifold of the same type as (M, g, Q). For the associated metricg, due to (5), we get
The corresponding Lie algebra g is determined as follows:
The Jacobi identity implies [5] C 
(48) According to (46) and (47), we obtain the following conditions:
The well-known Koszul formula implies
and using (43) and (48), we obtain
Further, bearing in mind (6), (43) and (50), for the components of F , θ and θ * we get
Theorem 5.1. The manifold (G, g, Q) has a corresponding Lie algebra determined by
where the structure constants satisfy the following conditions:
Proof. Since (G, g, Q) is of the type of the manifold (M, g, Q), the equality (8) is valid. Having in mind (8), (43) and (44), we get
Then, using (51), (52) and (53), we find (57)
From (48), (49) and (57) we obtain (54) and (55).
Proposition 5.2. The components of R, F , θ and θ * with respect to the basis {x i } for (G, g, Q) are
Proof. The statement follows from (29), (30), (51), (52), (53) and (57).
6. Manifolds (G, g, Q) with sectional curvatures invariant under Q If {x, y} is a non-degenerate 2-plane spanned by vectors x, y in the tangent space of the manifold, then its sectional curvature is (61) k(x, y) = R(x, y, x, y) g(x, x)g(y, y) − g 2 (x, y) .
Let G ′ be a subgroup of G and (G ′ , g, Q) be a manifold with sectional curvatures which are invariant under Q, i.e. according to (43) and (61) we have (62) R(Qx, Qy, Qx, Qy) = R(x, y, x, y).
Because of (42), the identity (62) is equivalent to
From (58) and (63), we find
We will consider the following instances where the system of equations (55) and (64) is executed:
Let us consider Case (A). From (54) and (55) it follows that the Lie algebra is determined by the commutators:
(65) Then, using (59) and (60), for the components of F , θ and θ * we get 
